CSC 347 - Concepts of Programming Languages

Formal Semantics

Instructor: James Riely



@ Learning Objectives

© How to unambiguously define the semantics of a programming language?
o |dentify the difference between syntactic and semantic expressions in operational
semantics
e |dentify judgments and reduction rules

o Apply reduction rules to execute a program



e A Small Programming Language

Language Constructs Example Program: Factorial
e Integer expressions 1n := -5:
2 1f n>=0
e Statements 3 then i := n
o Assignment 4 else i 1= 0-n
. 5 fi;
o Statement lists 6 f 1= 1;
- 7 while i do
o Conditional 8 f i= f % i
9 1 = 1-1
> Loop 10 od



e Operational Semantics

o Operational semantics defines meaning of programs relative to an abstract machine

» Reduction machine: operates on a program and reduces it to its semantic "value"
o Uses a store £ (e.g., a map from variables to values)
o State of the machine is a program or value and the store (prg, &) or (v, §)

o Judgments: (prg, £) | (v, &)
Executing program prg in state £ yields ({}) value v and new state &’

premiseq,. . .,premise,,
conclusion

Conclusion follows from all premises satisfied

o Reduction rules:



e Language of Integer Expressions

Syntax Semantics

1 Expr ::= Number e Semantic domain: integer arithmetic

2 | Expr '+' Expr

3 | Expr '=' Expr e Value v is the meaning of an expression

4 | Expr 'x' Expr

> | (" Expr ') o For example, (2 + 3) * 4 means 20
Example e Numbers evaluate to their value

1 2+3*4 <n7£>‘u<n7£> (Nurw)

2 (243) x 4

o Operations map to integer operations

(1€l {vide) (oo i) Uvaa) (&) b))
erter o) Hortuz ) 0 (@ Hlvgn ™




@ Reduction Example: Arithmetic Expression

Rules e Reduce 2 + 3 to its semantic value
* O ing N e ¢53 Deduction tree
. (e1,£0){v1,€1) (e2,61)(v2,€2) (Num) (Num)
(erven€o)Huitvnga) Y (2,€) | (2,¢) (3,6) | (3,€) (Add)
2 + 3, D,
<e,§>l}<v,§1> < €> \U/ < €>

* 1), & weny F



@ Reduction Exercises: Arithmetic Expression

Rules e Define the rule for multiplication

e Reduce (2 + 3) * 4 to its semantic value

@O n,g)

see previous slide: (2 + 3,&) || (5,¢)
((2+3),8 I (5,9

<917€0>U<’017€1> <927§1>U<’02,§2> ((2+3) x4,8) 1 (20,¢)
P T (erten o) Mo tusgy)

Par Num
| mETEg

° <67£>U<'v7£1> p
((&),6) v &r) T




® Implement a Language in Scala

e Implement grammar to represent abstract syntax tree as an algebraic data type

1 enum Expr: o Integer expression as an abstract

2 // Arithmetic expressions : *

3 case Number(n:Int) syntax tree: 2+3"X

4  case Plus(l:Expr, r:Expr)

5 case Minus(l:Expr, r:Expr) 1 val expr =

6 case Times(l:Expr, r:Expr) 2 Plus(

7 3 Number(2),

8 // Identifiers a,...,X,Yy,z 4 Times (Number(3), Ident('x"'))
9 case Ident(c:Char) 5 )

10

11 // Parenthesized expressions (e)
12  case Par(e:Expr)



@ Implement a Language in Scala

e Implement an interpreter following the formal semantics

e Define a store for the values of variables

1 type Store = Map[Char, Int]

o Define the interpreter signature (follows from shape of judgments: (e, &) | (v,&’))

1 def eval(e: Expr, s: Store): (Int, Store)



@ Implement a Language in Scala

Reduction rules for integer expressions

e Numbers

1

2

m g §
Addition etc. °
:

0

1

<e1,§o>U<v1,§1> <e2,§1>u<v2,§2>
(e1+e2,80) I (v11v2,82) (Add)y « . .

Parentheses

<97§>U<’U7£1>
((€),6)H{v,gr)

1
1

def eval(e: Expr, s: Store): (Int, Store) = e match

case Number(n)

case Plus(el, e2)

=> (n, s)

=>

val (vl, s1) = eval(el, s)
val (v2, s2) = eval(e2, s1)

(vl+v2, s2)

case Par(e)

=> eval(e, s)

10


https://reed.cs.depaul.edu/efredericks/csc447/slides/html/07-formalsemantics.html?f=4#5

e Assignments and Sequential Composition

Syntax Semantics
i Brr  co= mber © How do we store/look up values of variables?
2 | Expr '+' Expr
3 | Expr '=' Expr . .
: I Expr "x" Expr e Look up variable value in store
6 | PrgSeq (Var)
(1 1)1 ar
; Ident ::l ';' I|EXF')£' )| S <X’€>ll<§(x)’€>
9 PrgSeq ::= Prg | Prg ';' PrgSeq . .
W Prg - BES delemt 135 290 e Assignment: evaluate expression, then update state
P xime.80) Lo, 81 {x0)) )
1 a 1= 2+43;
2 b := (a:=a+l)x4; . .
5 e 0 Bl e Sequence: evaluate subexpressions, chain results

(e1,80) I (v1,81)  (e2,61)U(v2,82)
(e15€2,80) H{v2,E2) 2




@ Implement a Language in Scala

o Extend algebraic data type with assignment and sequential composition

1 enum Expr:

2 // Arithmetic expressions

3 case Number(n:Int)

4  case Plus(l:Expr, r:Expr)

5 case Minus(l:Expr, r:Expr)
6 case Times(l:Expr, r:Expr)
7/

8 // Identifiers a,...,X,VY,Z
9 case Ident(c:Char)

10

11 // Parenthesized expressions (e)

12  case Par(e:Expr)

1
2
3
4
5
6
7/
3

// Programs

// Assignment x := v
case Assign(x:Ident, v:Expr)

// Sequential composition p ; r

case Seq(p:Expr, r:Expr)
end Expr

12



@ Implement a Language in Scala

Reduction rules for assignment

Variable lookup

8 U(EE),E V™

e Assignment

<e7£0>U«15£1> 3
(xi=e,&0) 4 (v, & {x—v}) ¢

Sequential expression composition

(e1,80) I (w1,81)  (e2,61)(v2,82)
<el;e27£0>U’<U27£2> 6)

1
2
3
4
5
6
7
8
9
10
11
12
13

def eval(e: Expr, s: Store): (Int, Store) = e match
case Ident(c) => (s(c), s)
case Assign(Ident(x), e) =>

val (v,sl) = eval(e, s)
(v, sl.updated(x,v))

val (v1l, s1) eval(el, s)
val (v2, s2) eval(e2, s1)
(v2, s2)

case Seq(el, e2) =>

13


https://reed.cs.depaul.edu/efredericks/csc447/slides/html/07-formalsemantics.html?f=3#7

o Summary

o Operational semantics: defines language in terms of operations of an abstract
machine

o Alternative semantics definitions: denotational semantics, axiomatic semantics

o Judgments and reduction rules: describe steps of the abstract machine, expressed
as conclusions from premises

e Deduction tree: makes conclusions about program from the meaning of the
program's components

14



Syntax
1 Expr
2
3
4
5
6
7
8
9 Ident

10 PrgSeq ::
11 Prg

12

13

14

15

16

17

Conditionals and Loops

Number
Expr '+' Expr
Expr '-' Expr
Expr 'x' Expr
Ident
Expr '>=' Expr
PrgSeq
I(I Expr I)I
Ial | Ibl | f e s | IZI
Prg | Prg ';"' PrgSeq
Ident ':=' Expr
"if' Expr
"then' Expr

'else' Expr 'fi'
'while' Expr 'do'
Expr
Iodl

Semantics

e Conditional
(e1,£0) I {v1,€1)  vi#0  (e2,£1){v2,€2)

(if e] then ey else e3 £i,£)){}(v2,£2)

(e1,60) I (v1,€1)  vi=0  (e3,&1)I{va,€2)

(if e; then ey else e3 £i,£y){(v2,£2) (iffalse)

o True: (iftrue)

o False:

e Loop

. (en,&o){v,€1)  v1=0 |
@) End <While e; do ey Od,£0>u<0,£1> (whileend)

o Recurse:

(e1,€0)d(v1,61)  v1#0  (eg;while e; do e 0d,&1){(v2,€2)
<While €] do €2 Od,£0>u<’02,£2>

(whilerec)

15



@ Implement a Language in Scala

o Extend algebraic data type with comparison, conditional, and loop

OooNOULILWN K

enum Expr:

// Arithmetic expressions
case Number(n:Int)

case Plus(l:Expr, r:Expr)
case Minus(l:Expr, r:Expr)
case Times(1l:Expr, r:Expr)

// Identifiers a,..
case Ident(c:Char)

Xy Y, 2
// Comparisons 1>=r
case GEq(1l:Expr, r:Expr)

// Parenthesized expressions (e)
case Par(e:Expr)

1 // Programs

2

3 // Assignment X := v

4  case Assign(x:Ident, v:Expr)

5

§) // Conditional if p then t else e
7 case If(p:Expr, t:Expr, e:Expr)
8

9 // Loop while p do b

10  case While(p:Expr, b:Expr)

11

12 // Sequential composition p ; r
13 case Seq(p:Expr, r:Expr)

14 end Expr

16



@ Implement a Language in Scala

OooNOULTPEAEWNBE

o Express a program as an abstract syntax tree: absolute value of an expression

val abs = (n:
Seq(

N

Expr) =>

Assign(Ident('i'), n),
IT(
GEq(Ident('i')

)

Assign(Ident
Assign(Ident

(
(

o N
i')
i')

umber(0)),

’
4

Ident('i')),
Minus (Number (@), Ident('i')))

// ]
// ]

//
//
//
//

17



@ Implement a Language in Scala

Reduction rules for conditionals and loops

e Comparison

(e1,80) I {v1,61)  (e2,61){v2,€2)

<e1>=ez,€0>ll<max(0,v1—v2+1)7§2> (>)

e Conditional

(e1,60)(v1,61)  v1#0  (e2,61)(v2,€2)
(if e] then ey else e3 £i,£)){}(v2,£2) (iftruc)
(e1,80) H{v1,61)  v1=0  ({e3,&1){v2,E2) _—

(if e1 then ey else ej3 fi,§o>il<’v2,§2>

e Loop

(e1,€0)(v1,€1)  v1=0

while e; do e °d’50>U<0,€1> (whileend)
v17£0 <e2;while e do ey od,§1>@<v2,§2>

91,€0>ll<'01,€1>

1
2
3
4
5
6
7
8

O

10
11
12
13
14
15
16
17
18
19

def eval(e: Expr, s: Store): (Int, Store) = e match

case GEq(el, e2) =>
val (vl, s1) = eval(el, s)
val (v2, s2) = eval(e2, s1)
(math.max(0,v1l-v2+1), s2)

case If(el, e2, e3) =
val (vl, s1) = eval(el, s)
if v1'!'=0
then eval(e2, s1)
else eval(e3, s1)

case w@while(el, e2) =>
val (v1l, s1) = eval(el, s)
if v1==0
then (0, s1)
else eval(Seq(e2, w), s1)

<While e; do ey od,£o>ll<’027§2>

(whilerec)

18
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0 Program Example

e Program as an abstract syntax tree: absolute value of an expression

1 val abs = (n: Expr) =>

2 Seq(

3 Assign(Ident('i'), n), // 1 := <n>

4 If( // if

5 GEq(Ident('i'), Number(Q)), // i>= 0

6 Assign(Ident('i'), Ident('i')), // then 1 := 1

7 Assign(Ident('i'), Minus(Number(@), Ident('i'))) // else i := 0-i
8 ) // fi

9

N

19



@ Program Reduction Example: Absolute Value

1i = -2; e |nteger arithmetic e Assignment
2 if i>=0 ] . (e:€0) 4 {v,€1)
431 g{gg i e 3-1 (n,&){n,&) (Num) (x:=e,&o) (v,€1{x—v}) (=)

5 fi (e1,80)U(v1,€1) (e2,81){v2,2)

0 lerrer £o) Tl —vady) O Seqguential composition

@)

(e13€2,80)(v2,82)
e Comparison e Conditional
(e1,60)H(v1,61)  (e2,61) U (v2,62) o lenbo)lwidy)  viF0  (e9,61)H{va,€2) .
(e1>=e9,&0) | (max (0,01 —v2+1),£2) =) (if e; then e else e3 £i,&y) |l (va,&2) (iftruc)
o lenbo)l(widr)  v1=0 ({es3,61)H{va,€2) ftalse)

(if e; then ey else e3 £i,£y){}(v2,£2)

(1) bv ) (erfi)livnta)

20



@ Program Reduction Example: Absolute Value

(Num) o B o
(—2,{H I (—=2,{}) Lemma i >= 0 0=0 Lemmai:=0—1i

- 2 )y Lemmai>0  0-0 Lemmaiz0—i g,
(1:=—-2) || (—=2,{i+— —2}) (if i>=0theni:=ielsei:=0—1ifi) | (2,{i— 2}) )

(i:=—2; if i >=0theni:=ielsei:=0—1ifi, {})| (2,{i+— 2})

e Lemmai >=0,where{ = {i+> —2} o lemmai:=0—1i &= {i+— —2}

Num Var
Lotz Tarog e BOIDE " TEICEE g
3>=0.8 1008 (=) -19828

1>=0,8 4 (0,¢ G0 L0 B2

21



@ Program Reduction Example: Factorial

1n := -5; e Integer arithmetic o Assignment
2 if n>=0
en i :=n @ o (e,£0)4(v,€1)
zl . ;?se i 1= 0-n (0,4 (n,€) () (x:=e,fo)(v,&1{x—v}) (=)
ot s 1; o fentoll{vity) (e2,61)U{vaLa) sue Sequential composition
7 while i do (e1—e2,80) | {v1—v2,82)
8 f 1= fxi; <91,§0>U<’U1,§1> <e2,£1>U<v2,§2>
9 1 oz A= o <617€0> <’017£1> <327€1> <’U27€2> Mul © <e o £>ll<'v £> ;)
0 od (erxen,€o) (01 v,62) 13€2,80){02,62
e Conditional e Loop
(e1,60) I (v1,81)  (e2,61)(v2,62) . (e1,§0)(v1,61)  v1=0 |
le1>=e3,80) | {max (0,01 —v2+1),&2) (while e1 do &5 0d.£9)H{0,€1) "
o (e1,80)l(v1,€1)  v1F#0  (e2,61){v2,82) y (e1,£0) I (v1,&1)  v17#0
(if e; then e else e3 £1,80) (v Lq) 7 . (eg;while e; do ey 0d,&1)(v2,€2)
o <91)£0>U’<U1’£1> v1=0 <63,€1>H<Ug,€2> (ffalse) <While e; do e °d’§0>il<’vz,€2> (whilerec)

(if e; then ey else eg £i,£y){}(v2,£2)

22



@ Program Reduction Example: Factorial

(Num) Lemma f:= 1 Lemma while. . . 0d(5) ()
(=5, {1 I (=5, {}) “m('_) Lemmaif. . #i (f=1;while. odfnr B i) 0 fa 510020120} |
(n:=—5,{}) | (=5, {n— —5}) (if. . .fi; f:=1; while...od,{n+— —5}) | (0,{n— —5,i+— 0,f — 120}) () ,

(n:= —5;if...o0d,{}) | (0,{n+— —5,i > 0,f — 120}) ’

e Lemmaif. .. fi where{ = {n+— —5}

(Num) (Var)
Var) ) 0.8 (0,6 @ V58 o)

(n,§) I (=5,8) (0,¢) I {0,¢) >) (0—n, &) I (5,8{i — 5}) (=)

>=0,6 4 (0,¢) 00 (=0 n & U (e BY) o

(if n>=0theni:=nelsei:=0—nfi &) | (5,&{i— 5})

o Lemmaf:= 1, where{ = {n+— —5,i — 5}

(Num)
(=)

(1,6 I (1,¢)
(£:=1,8 | (L,g{f = 1})

23



@ Program Reduction Example: Factorial

e Lemmawhile. . . od(5),where{ = {n+— —5,i— 5,f — 1}

Lemmai:==1i-1 Lemma while. . . od(4)

(Var)

(1,6 U (5,6) 540 (fr=f%i; i:=i—1; whileido . ..od,&) | (0,&{i — 0,f — 120}) (whilerec)
(whileidof:=f*i; i:=1i—1o0d,&) |} (0,&{i — 0,f — 120})
e lemmaf:=fx1i
e Lemmai=1—1
T e i (Var) (Num)
. . (Mul) (1,8 I (£(1),8) (1,8 I (1,6
(£1,8) I (1-5,8) (=) TN RN (Sub)
(£:=£x1,8) | (5,6{f — 5}) ’ ’ (:=)

(i=1i-1,§) | (4,{{i—4})

e Lemmawhile. . . 0d(0), where{ = {n+— —5,i+— 0,f — 120}

_ (Var) B
(1,6 4 (0,¢) 0=0

(whileidof:=fxi; i:=1i—10d,£) | (0,€)

(whileend)

Lemmaf:=f+i  (i:=1i—1; whileido .. .od,&{f— 5}) | (0,&{i 0,f— 120})

i
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